Introduction.
In this paper, we derive formul in Brown-Peterson homology at the prime 2 related to the family of elements ' n 2 MSp 8n?3 of N. Ray, whose central rôle in the structure of MSp has been highlighted by recent work of V. Vershinin and other Russian topologists. In e ect, we give explicit \chromatic" representatives for these elements, which were known to be detected in KO and mod 2 KU-homology, and are thus \v 1 -periodic" in the parlance of 4] and 5]. In future work we will investigate further the v 1 periodic part of MSp and discuss the relationship of our work with that of B. Botvinnik.
I would like to thank Nigel Ray for many helpful discussions and large amounts of advice on MSp (including severe warnings!) over many years; in particular, x5 in this paper was prompted by his suggestions about the detection of ' n in the classical Adams spectral sequence. I would also like to thank Boris Botvinnik, Vassily Gorbunov and Vladimir Vershinin for discussions on the material of earlier versions of this paper both during and after the J. F. Adams Memorial Symposium and in particular for bringing to my attention B uhstaber's article 2] which contains related results.
x1 Some algebraic results on E (MSp) .
Let E be a commutative ring spectrum, and let x E 2 E 2 (C P 1 ) be a complex orientation in the sense of 1]. Then the results of the following Theorem are well known. a) The natural map j 1 : C P 1 ?! H P 1 induces a split monomorphism We will need explicit sets of generators for the E homology and cohomology of H P 1 and MSp. Recall the canonical complex line bundle ?! C P 1 and its E-theory 1st Chern class c E 1 ( ) = x E ; we have E (C P 1 ) = E x E ]].
Then the map j 1 : C P 1 ?! H P 1 classi es the quaternionic line bundle C H ?! C P 1 , which has as its underlying complex bundle + , where ( ) denotes complex conjugation. We de ne the E-theory 1st symplectic where is the Kronecker delta function. Also for any T, let T = ?1] E (T) be the ?1 series for the formal group law F E (X; Y ) 2 E X; Y ]] associated to the orientation x E as described in 1]; notice that x E = c E 1 ( ).
Now in E (H P 1 ) we can de ne a sequence of elements n 2 E 4n (H P 1 ), n > 0, by requiring that these are dual to the (} E ) n :
(} E ) r ; s = r;s :
It is easily veri ed that a generating function for these elements is the series
n (?T T ) n = X n>0 j 1 E n T n :
MSp be the standard map, then we have Theorem (1.5).
a) The elements n for n > 0 form an E basis for E (HP 1 ).
b) The elements i 1 n+1 for n > 1 form a set of polynomial generators
for the E algebra E (MSp).
From now on we set Q E n = i 1 n+1 2 E 4n (MSp).
We also need some information on the image of the ring homomorphism j : E (MSp) ?! E (MU). We have the two generating functions
Recall 
determined by the equation (2.4) N E (Q E (T)) = T:
Notice that N E n ?Q E n modulo decomposables, and hence we can take the N E n to be polynomial generators for E (MSp).
x3 Detecting Ray's element ' n with a complex oriented cohomology theory.
In this section we again let E be a complex oriented commutative ring spectrum. We will also require the following assumption to hold:
TF:
E is torsion free. This condition is satis ed for the following spectra: E = MU, BP, KU, H Z, which include all those which we will be explicitly considering in this paper. is de ned and so has a 1st symplectic Pontrjagin class in each of the theories represented by the spectra MSp, E and E^MSp.
In the ring (E^MSp) (RP 1 
But expanding this using the Cartan formula, we obtain
using the fact that 2 2 is a trivial line bundle. In this, we are setting u = c E 1 ( ) and u = c E 1 ( ). We also require the following well known Lemma.
Let log E (X) 2 E Q X]] denote the logarithm series of the formal group law F E . We also have Now consider the exact diagram of abelian groups in which the rows are induced from the co bre sequence for and the columns from the co bre sequence for multiplication by 2: (2)). But this means that ko( 2r?1 ) is the image of an element of KO 8r?8 (MSp), a torsion free group. The only way that both of these can be true is if ko( 2r?1 ) = 0.
We can also see that for each n > 1, e ' n = e 2n tN 2n?1 (mod decomposables): This of course shows that in the ring KU (MSp)=(2), the elements e ' n are algebraically independent over KU =(2).
x4 Some calculations in BP (MSp).
We now consider the case of E = BP, the Brown-Peterson spectrum at the prime 2; we will assume the reader to be familiar with 1] and 5] which contains detailed information on BP.
We begin with some algebraic Lemmas on the formal group law for BP. indicates formal group summation. We will need the following well known facts about the formal derivative of the logarithm. The next result may be known to others but we know of no reference. The ring of power series in u and u which is symmetric with respect to the automorphism interchanging these two elements is easily seen to be the power series ring on ?uu, hence we can express this last quantity as an element of (BP^MSp) (RP ] by making use of the fact that } BP = ?uu. Of course, this will be hard to do explicitly in general, but we can extract su cient information from our formula to enable us to make some interesting deductions. Amongst these we have the following, which we leave the reader to verify. Recall that in BP , the ideal I r = (v 0 ; v 1 ; : : : ; v r ) is invariant and prime (here as usual we set v 0 = 2).
Lemma (4.4). We have the following congruence in
Theorem (4.6). For r > 1 we have in (BP^MSp) (RP (2)), and our rst task is to calculate the series whose coe cients are the elements 
But now in (BP^BP) (C P Proof. We proceed as in the proof of Lemma (4.4) and use the same notation. We must show that for n > 2, we have L n 0 (mod I 2 ): For n = 2, this is an easy consequence of the formula 2v 2 = L 2 ? v 3 1 de ning the Hazewinkel generator v 2 . An induction on n now gives general result.
At this stage we have established that
where the second congruence is a consequence of (5.1). Notice that we have We need one further fact, namely that the right unit on the v n has the form
We therefore obtain the following generating function: 
